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A Jupiter Orbiter Mechanics Experiment
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Cornell University, Ithaca, N.Y.

An X-band radar onboard a planetary orbiting spacecraft measuring range and range rate
to the planetary surface is not only capable of refining spacecraft orbit determination, but can
also be employed to map the planet's gravitational potential. The number of gravitational
harmonic coefficients which can be solved is dependent upon the radar accuracy in measuring
range rate. In the case of a Jupiter orbiter, spacecraft propulsion penalties and science ob-
jectives favor highly eccentric equatorial orbits in which the spacecraft is within radar-mea-
suring range of the planet for only a few hours of the long 40-day period. The radar orbit de-
termination scheme formulated here is thus a short-arc method and the short-term periodic
perturbations to the orbit caused by the planet's potential are significant during this close
approach phase to the planet. These perturbations on the equatorial orbital elements are
derived and expressed as terms of the measured range rate. The theoretical formulation is
termed the range rate model and allows solution of four of Jupiter's harmonic coefficients.
The only significant nonplanetary perturbations to the measured range rates are caused by
Jupiter's closest five natural satellites. The formulation necessary to correct range rates for
these perturbations is developed.

Introduction

MAJOR planetary orbiters starting with Jupiter in the
early 1980's are logical follow-ups to the late 1970

Grand Tour missions. An orbiter is ideal for studying plane-
tary mass and gravitational properties affecting the spacecraft
orbit. The spacecraft utilizes onboard instrumentation pro-
vided for other mission objectives, thus no weight or power
penalties are associated with this type of experiment.

The theory of satellite geodesy for analyzing the Earth's
potential has been well summarized during the past decade.1
The orbits of geodetic satellites can generally be described as
nearly circular with periods of about 1-J hr, the satellite
orbiting within one Earth radius of the planet's surface and
hence being significantly perturbed by higher order terms of
the gravitational potential throughout its orbit. As opposed
to terrestrial orbiters, propellant requirements and science
objectives dictate highly eccentric orbits about the major
planets; e.g., for Jupiter, a 1.1 Jupiter radius (Rj) perijove by
100 Rj apojove orbit is suggested.2 The orbital period is 45
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days and the spacecraft is within 1̂ - Jupiter radii of the
planet's surface for only 2 hr during each orbit. This short
duration in the proximity of the planet and the fact that a cer-
tain degree of hydrostatic equilibrium suggested by present
planetary models of Jupiter3'4 imply a rapid diminution of the
higher order gravity harmonics. Thus only the central term
and the second and fourth degree zonals (J2 = 0.01470, J4 =
—0.00067) 3>5 of the potential were used to calculate the secu-
lar perturbations on various Jupiter orbits.6 The small secu-
lar rates of motion,6 orbital trim to satisfy science objectives,
and secondary perturbational effects during the long duration
at apojove caused by other celestial body gravitational fields,
solar radiation pressure, propellant tank leakage, and down-
link telemetry maneuvers all combine to eliminate the secular
and long term orbital rates over an integral number of orbits
as a means for zenodetic analysis. Thus direct observation of
the short-term periodic effects is predicated. Observation
capability implies onboard navigation capabilities in the form
of the existing radio transmitter and receiver, the imaging
system, and the X-band radar. Deep Space Network (DSN)
tracking alone will not suffice when the long 1-J- hr radio
round trip time, DSN scheduling, and spacecraft perijove
occultations from Earth are considered. Figure 1 shows the
1.1 by 100 Rj orbit.
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Fig. 1 Geometry of Jupiter 1.1 Rj X 100 Rj spacecraft
orbit.

The question of X-band radar reflections from Jupiter's
atmosphere is discussed under Conclusions.

Formulation of the Short-Term Periodic
Perturbations to an Equatorial Orbit

The potential model adopted for Jupiter's gravitational
potential is expressed

T.V = vX

P22(sin</>)(C'22 cos2X . sin2X) (1)

where V is the potential due to Jupiter's gravitation in units
of velocity squared on a unit mass with zenocentric coordi-
nates (r,0,X) defining distance, latitude, and longitude re-
spectively; GMj is Jupiter's gravitational mass = 1.267077 X
108 km8/sec2 (Refs. 3 and 4); Rj is Jupiter's equatorial
radius = 71,372 km (Refs. 3 and 4); /„, Cnm, and Snm are
harmonic coefficients; and Pnm are the Associated Legendre
polynomials, degree n, order m (the zonals m = 0 are written
as Pn).

Jupiter's equatorial plane

Peri jove

Fig. 2 Equatorial
relation between
spacecraft true
anomaly v and

longitude X.

Central Meridian
of Longitude

System

The Lagrange equations modified in Ref. 6 (Appendix C)
applicable for the perturbations on a spacecraft equatorially
orbiting a planetary body are

da/dt = (2/na)*Fft>M
de/dt = [(1 - e*)/na*e]<>F/<)M -

[(1 - e*)l'*/na*e]bF/t)Q (2)
dM/dt = (-2/na)5F/da - [(1 - 62)/na2e]dF/c)e

dQ/dt = [(1 - e*)ll*/na*e]c)F/c)e

where a is the orbit semimajor axis, n the mean orbital
velocity given by (GMj/a*)11*, e the eccentricity, 9 the right
ascension of perijove, M the mean anomaly, and F the force
function equal to the difference between gravitational and
kinetic energies; i.e.,

F = V - &* (3)

where u is the spacecraft zenocentric orbital velocity

v = [GMj(2/r - I/a)]1/2 (4)

Figure 2 relates the longitude X to the true anomaly v for
an equatorial orbit; i.e.,

9 - a + v (5)

where a is the right ascension of the System I or Illf central
meridian.. The zenocentric axes (X/,Y/,Zj), X/ the equatorial
projection of the Aries vector, Zj the north polar axis, are
formulated in Ref. 6 (p. 173).

A careful secular perturbational analysis in Ref. 6 as well
as the fact that Jupiter's Galilean satellites are nearly equa-
torial confirms the assumption of orbital equatorial stability.
Thus, evaluating the Legendre polynomials at zero and using
Eqs. (1 and 3-5), the force function becomes

F = GMj/2a
- (3/r3)[C22 cos2(6 -« + «

iS22sin2(9 - a (6)

Using the following well-known equations of orbital
mechanics

r = a(l — 62)/(l + e cosy)

dr/dv = re sinv/(l + e cosy)

dv/dM = a2(l + e2)1/2/^

(7)

(8)

(9)

the substitution of Eq. (6) into Eq. (2) yields the short-term
periodic perturbations in terms of the assumed unknown co-
efficients

/da/dt \ /O
[ de/dt I _ [ 0
I dM/dt I ~ I n
\de/dt / \0

(10)

where G is the 4 by 4 matrix {0i/(r,a,e,t;,0)}. The individual
gn are derived in Appendix E of Ref. 6 and are not presented
here.

Solution of the Gravitational Harmonic
Coefficients with the Onboard Radar

Figure 3 indicates several of the general points along the 1.1
Rj by 100 Rj Jupiter euqatorial orbit at which radar range
and range-rate measurements are made. Assuming a radar

t Jupiter's Systems I and III longitude systems are based on
equatorial atmospheric and decametric phenomena, respectively.
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reflection at a distance of 5Rj,$ the radar range and range-
rate measurements yield:

r = R + 8Rj, r = cA/<//< (11)
where R is the radar range to Jupiter's atmosphere, c is the
velocity of electromagnetic radiation through Jupiter's iono-
sphere, /,- is the X-band frequency of the signal, and A/» is
the measured frequency shift due to the Doppler effect caused
by r of the spacecraft.

Preliminary analysis2 indicates that range accuracies of
from ten to twenty kilometers and range-rate accuracies of
from 10 to 20 m/sec are possible with an X-band radar at
Jupiter distances of from 1.1 to 2.5 Rj. These accuracies
assume that range and range-rate measurements have been
corrected for ionospheric/and tropospheric refraction effects,
as well as errors in the reference frequency ft and radar failure
to lock onto the signal. They do not take into account
errors caused by radio propagation times nor atmospheric
attenuation effects.

Equation (7) is the basis for the range rate model. If the
equatorial spacecraft orbit about Jupiter were strictly
Keplerian; i.e., the central gravity term only were present;
r would be strictly a function of the true anomaly v, or of the
spacecraft position in an orbit of constant semimajor axis a
and eccentricity e. However, the smaller remaining terms of
the potential affect r through the periodic perturbations to
a, 6, and v derived above. But these perturbations have been
expressed explicitly in terms of the unknown harmonic co-
efficients in Eq. (10). Thus, by measuring f accurately, and
providing that the osculating values of (a,e,v,0) can be solved,
a solution for the unknown harmonics can be affected.

Using Eqs. (7) and (9), the range rate model is expressed as

n (finish)

r_da r[2e + (1 +
~ ~ ~

cost;] de
e cos*;) dt

a2esint;(l -———— ! dK
r 1 + e cosy dt

Substitution of Eq. (10) into Eq. (12) and considering all
observation points 1 through n, the following vector of range
rates is derived

f = AJ + E (13)
where r is the n X I column vector {fi} of range rates for all
positions 1 through n, A is the n X 4 matrix {a»,-}, JT is the
1 X 4 row vector (J2, J±, CM, $22) of unknown coefficients, E
is the n X I column vector {Et}, where

The functions {at-j(rt,a»,e,-,i>»,0i)} are given in Ref. 6.
J can thus be solved by the usual methods of vector algebra

once the osculating values of (a»,e»,t;i,0») are determined for
each position i, as described below. If n is greater than 4, a
least-squares solution for J is suggested. It should also be
noted that Eq. (13) is well conditioned for observations taken
along the orbit where: — w/2 < v < ir/2, as r, a, and E vary
considerably along this orbital arc.

A Short Arc Orbit Determination Scheme

Condition Equations

The successful implementation of the range-rate model re-
quires the knowledge of the osculating orbital parameters at
each radar measurement point i, i = 1,. . . ,n. These param-
eters can be obtained at each point by means of the R and RR
observations and two additional measurements; i.e., (1)

J dRj will be close to one Rj. A probable radar reflection sur-
face would be Jupiter's cloudtop boundary marking the equilib-
rium point of vapor and solid phases of ammonia at about 20-40
km below Jupiter's tropopause,3 a distance compatible to the
radar-range accuracy.

pti
p (Perijove)

I (start)

Fig. 3 Radar range and range-rate measurements to
Jupiter's atmosphere.

the precise timing of each radar measurement so that the time
interval Ata+i,* between the k + 1st and the Mh measure-
ment can be determined, and (2) one or more radar mea-
surements of Jupiter's natural satellite JV (Amalthea).
Measurements (1) require a very preciseon board timing
reference normally incorporated within the data automation
systems of interplanetary spacecraft. Measurements
(2) obtain range and range-rate data from Jupiter's closest
natural satellite as simultaneously as possible with one pair of
similar data from the planet.

Amalthea's occupation
Region from SC by

Jupiter

Fig. 4 Spacecraft-Amalthea orbital characteristics.
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Fig. 5 Region of Amalthea occultation.

In addition, any science imaging along this arc of radar
measurements revealing celestial body configurations such as
Jupiter limb, natural satellites, planets, and stars can like-
wise be utilized for orbit determination refinement. All
orbital measurements, including planetary and satellite R
and RR, times of observations, and imaging data are encoded
and later telemetered to Earth after the spacecraft has pro-
ceeded past point n. Because of spacecraft weight restric-
tions eliminating a sophisticated onboard processing unit, the
orbit determination and gravity mapping analyses are per-
formed on Earth.

SC perijove
Amaltheo's

ground track

Amalthea
perijove

The short-arc solution takes advantage of one condition
at each planetary measurement point i and a second condition
involving points i — 1 and i. The first anomaly condition
involves the osculating true anomaly v. The second Lambert
condition involves the direct solution of Kepler's equation
between points i — 1 and i. Kepler's equation solves for the
time required to travel between 2 points on an ellipse given
the radial distances of the points from the central attracting
body and the semimajor axis of the ellipse. Since time is very
precisely monitored on the spacecraft, direct solution of
Kepler's equation is desirable.

The anomaly condition is formulated first. For any ob-
servation point i of Fig. 3, the path angle F can be expressed

sinF = [r/(l - e2)(2a - r)]1/2e sine; (14)
where 0 < F < ir/2 if 0 < v < TT; -Tr/2 < F < 0 if TT <
v < 2w.

Again, from Fig. 3

r = v sinF (15)

substituting for v from Eq. (4) and using Eqs. (14) and (15):

sim; = [o(l - e^/GMj]1'* r/e (16)
Using Eqs. (7) and (11):

cosz; = (l/e)[a(l - 62)/r - 1] (17)

Equations (16) and (17), and the identity sinfy + cos2t> = 1
yield an equation involving 2 unknowns (a,e) and 2 measured
quantities (R,f). If the true osculating values of (a,e) were
known and substituted into this equation, a functional ex-
pression could be written

Fi(a,e) = 0 (18)

where

Fi(a,e) = a2(l - e2)2/r2 + (r*/GMj - 2/r)o(l - e2) + 1 - e2

If appropriate values (a°,e°) for the true orbital elements
are substituted into Eq. (18), F\ will not equal zero, and the
corrections (Aa,Ae) to the approximate values can be de-
veloped through the Taylor series approximation of (18);
i.e.,

Fi,dFi/da, and d/Vde are evaluated at (o,°e°).
The Lambert condition begins with equation Eq. (17) for

points i — 1 and t, thus v»-_i and Vi are expressed in terms of
(at-_i,et-_i,r,-_i) and (a,-,et-,r,-) respectively. The eccentric
anomaly at each point is defined

cost;,-)/(l -+- e» cost;,-) (20)

For this special case of an orbital arc between v = —ir/2 and
7T/2, Ei will always be in the same quadrant as Vi.

The mean anomaly at each point is defined

Mi (21)

Thus the mean anomaly difference between points i — 1 and
i is simply

i - e<-i sin#;_i) (22).AM = (Ei - Ei-i) - (
The time required to travel between the two points is very

nearly:

Fig. 6 Reduction of Spacecraft-Amalthea radar data.

providing the time interval Ak,t-i is maintained short enough
(less than 5 min) such that a linear average semimajor axis
can be substituted for a in Eq. (23). This implies that the
osculating semimajor axis is being approximated by a straight
line between the points i — I and i.
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The Lambert condition then merely equates this com-
puted time to the measured time interval; i.e., if the true
values of (a,e) at both points were known and the measured
time interval is corrected for all systematic errors, then

[ft(a,e) - A*],,*-i = 0 (24)
Letting

cos"1 [(a; — r *
tr< - r,2]1'2

then
) = {[(at

For reasons to be discussed shortly, the values of (at-_i,et-_i)
are assumed known. Then the failure of equality in Eq. (24)
is due to errors in approximating (a,-,ct-). If corrections to
these parameters are designated (Aa,-,Ae,-), then the following
equation is valid combining Eqs. (17 and 20-24); and ex-
panding Eq. (24) into its Taylor series

-lF*(at,et) - A^_i] (25)
», and F2 are all evaluated with the approxi-

mate values (a»°,ei°).
Thus, considering the point i, Eqs. (19) and (25) allow solu-

tion of the two unknowns; i.e., Aa» and Aet-. These values
are added respectively to a*0 and e? and Eqs. (19) and (25)
are iterated until the corrections Aa; and Aez- become less
than some stipulated values. Thus, using i — 1 as a starting
point, the solution can be stepped fore ward in this manner to
point n and backward to point 1. The determination of an
initial orbital set (a;_i,e»-_i) is described in the following sec-
tion. The true anomaly v at each point is solved from Eq.
(17).

The advantage of this double condition solution is that only
2 X 2 matrices need be inverted, suggesting that a certain
amount of onboard processing of navigational data is possible.
There is also no need for a large number of computations
which would be required in a simple differential-correction
scheme since the small term periodic perturbations Eq. (10)
are of large magnitude.

JV (Amalthea) Radar Measurements

Figure 4 reveals the geometry between the orbits of the
spacecraft and Amalthea. Amalthea' s orbit is very nearly
circular, as seen in Table 1.

Figure 5 is the Amalthea-spacecraft occultation region.
The ordinate axis plots true anomaly referenced to the space-
craft perijove, which the spacecraft reaches one hour and six-
teen minutes after entering the radar measuring arc (t; =
— 7T/2) at time zero as indicated on the abscissa axis. The
occultation region is shown as the locus of intersection of a
cone with the spacecraft as vertex, subtended angle of Jupiter
as vertex angle, and Amalthea's orbital ellipse. The ordinate
width of the occultation zone defines the base diameter of the

Table 1 Orbital elements of Jupiter's
closest five satellites4

Satellite

JV
(Amalthea)
JI
do)
JII
(Europa)
JIII
(Ganymede)
JIV
(Callisto)

Semimajor
axis,
km

181,500

422,000

671,400

1,071,000

1,884,000

Eccen-
tricity

0.0028

0.0000

0.0003

0.0015

0.0075

Inclina-
tion
(to

Jupiter's
equator),

deg-mm

0 27.3

0 01.6

0 28.1

0 11.0

0 15.2

Sidereal
period,

d- h-m- s

0-11-57-22.70

1-18-27-33.51

3-13-13-42.05

7-03-42-33 . 35

16-16-32-11.21

Fig. 7 Vector representation of the spacecraft zenocentric
distance.

cone at Amalthea's orbit intersection. The true anomaly of
the spacecraft is 180° plus or minus the anomaly of the center
line of the occultation region. Since Amalthea's orbital
velocity is nearly constant, its true anomaly as a function of
time plots as a straight line.

The 5 regions of occultation characteristics are shown in
Fig. 5. In real time, as the spacecraft enters the radar-
measuring arc and with a value of Amalthea's anomaly ob-
tained from ephemerides, times available for Amalthea radar
measurements outside of the crosshatched occultation zone are
thus known. From all of the available spacecraft points,
that point lying simultaneously closest to the center line of the
occultation zone (P — P') is the most desirable for it minimizes
the turning angle required in pointing the spacecraft radar
antenna alternately from Jupiter to Amalthea. It is thus seen
from Fig. 5 that it is always possible to radar range and range
rate on Amalthea during the radar-measuring arc of the
spacecraft orbit. The worst visibility condition occurs in the
region marked III of Fig. 5, although an initial true anomaly
for Amalthea of 150° still permits 20 min of satellite measure-
ments.

Assuming the orbital parameters of Amalthea are known at
any time§ (a^e^v^ i5,co5,125); where v$ is Amalthea's true

Fig. 8 Solution for the spacecraft velocity vector.

§ Jupiter satellite orbital improvements can be expected from
1970 Pioneers F and G and Grand Tour missions.
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anomaly with respect to Amalthea's perijove, i& is the in-
clination, co5 is the argument of perijove, !25 is the right ascen-
sion of the ascending node, and the subscript 5 represents
Amalthea (JV); and consulting Fig. 4, the zenocentric range
(r5), linear velocity (us), and path angle (F5) for Amalthea are
given by Eqs. (7, 4, and 14), respectively, with all variables
having the subscript 5.

The planetary radar measurement provides r and r while
Amalthea radar-range and range-rate measurements provide
p and />, respectively. The problem is to determine the space-
craft's orbital semimajor axis from this data. The solution is
determined by finding the spacecraft's linear velocity v and
using Eq. (4). Although the zenocentric range (r) of the
spacecraft is known, the first step is to determine the vector
representation (r) for this distance.

The zenocentric axes (Xj,Yj,Zj) are used as a basis. These
vectors were introduced after Eq. (5); however, they can be
zenocentrically localized for this derivation as: Xj =
(1,0,0), Y, = (0,1,0), Zj = (0,0,1).

Orthonormal vectors denning Amalthea's orbital plane are
developed by formulating the unit vector L through Amal-
thea's ascending node (see Fig. 6)

L = + sin05Yj (26)

The normal unit vector N to Amalthea's orbital plane is

N = sim5 sinfisXj — sim'5 cos!25Y/ + cosi'sZj (27)

M = N X L (28)
completes this orthonormal system. The vector representa-
tion of Amalthea's zenocentric distance is

r5 = r5[cos(co5 + v6)L -f sin(w5 + v5)M] (29)

Amalthea's velocity vector is then

v5 = (v5/r5)[(N X r6) cosF5 + r5 sinF5] (30)

Use is now made of the triangle involving sides r, r$, and p of
Fig. 7. Since the vector representation for r(r) in the basis
(Xj,Yj,Zj) will have a Zj component equal to 0, r can be ex-
pressed as

+ Z)Y, (31)
where C and D are unknown values. Noting that the angle a
is solved by the cosine law; i.e.,

cosa = (r5
2 + r2 - p2)/2pr5

it is evident that

C(r5-X,)/r6 + D(r5-Yj)/r5 = r cosa

(32)

(33)

The condition that (C2 + Z>2)1/2 = r allows the solution of
C and D by the intersection of the straight line (33) and the
circle of radius r. Although there are in fact two solutions,
the desired solution can be immediately chosen by knowing
whether the spacecraft is ahead or behind Amalthea in their
respective orbits.

The vector of length p between the spacecraft and Amalthea
s

9 = r5 - r

The component (v5)p along the direction p is

(v8)P = (t

(34)

(35)

Thus the vector component (vp) of the spacecraft velocity v
along the direction 9 is

Figure 8 indicates that the spacecraft velocity v is deter-
mined from Vp and r, since r is in the same or opposite direc-
tion as r. Since v lies in Jupiter's equatorial plane, the

velo'city can be expressed
v =

Since vp is a projection of v:

(v - Vp)-vp = 0

It is also noted from Fig. 8 and Eq. (15) that

v-r = vr sinF = rr

(37)

(38)

(39)
Substituting Eq. (37) into Eqs. (38) and (39) yields two

equations in two unknowns, A and B, the solutions are

A =

B

V Y,-V/

rr Yj-r

X/-Vp Up2

Xj-r rr

X/.r

•99

Y^-r

X^r

(40a)

(40b)

Thus the vector and magnitude of the spacecraft velocity is
determined and hence the semimajor axis a of the spacecraft
orbit; i.e.,

a = rGMj/(2GMj - rv*) (41)
The spacecraft orbital eccentricity can now be solved

from the anomaly condition Eq. (18) by substituting the
semimajor axis a of Eq. (41) and zero for the Aa correction
in Eq. (19) and iterating. The true anomaly v is found from
Eq. (17) and the osculating right ascension of perijove 0 by
noting that the zenocentric distance vector r can also be ex-
pressed as

r = r cos(9 + t;)X/ + r sin(6 + v)
Equating Eqs. (31) and (42)

6 = tan-KD/O - v (C * 0)

(42)

(43)

Orbital Refinement

It is seen that the spacecraft orbit solution has two simpli-
fications that would tend to degrade the accuracy of the solu-
tion for the gravitational harmonics. One assumption was
that the time interval between successive planetary radar
measurements was small enough such that a linear average
semimajor axis could be used in Eq. (23). The second dif-
ficulty is noted that an osculating value of right ascension of
perijove 0 can only be determined at the point where a
natural satellite radar measurement is made [Eq. (43)].
Estimates of 0 for all of the other points have to be made for
use in Eq. (13) . It is pointed out that 0 appears only in the A
matrix of Eq. (13).

The solved set of harmonic solutions J can be used to im-
prove the accuracy of the orbital parameters (especially 0) by
rigorous integration of Eq. (10). Since the true anomaly v is
changing much more rapidly than a, e, and 0, the orbital
rates Eq. (10) are considered as functions of v only from one
point to the successive point. In terms of a, e, and 0, the
continuously changing functions Eq. (10) are being approxi-
mated by step functions. The improved orbital parameters
(designated below with a superscript 1) at a point i are ex-
pressed in terms of the improved parameter at point i — 1
plus the integral of the change in the parameter as a function
of v:

+
N da . . dt ,
:->dt(V)dvdV

"i de , , dt ,

fvi fJvi-i dt Tdv

(44a)

(44b)

(44c)

where dv/dt = na*(l - e2)1/2/r2.
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The true anomaly v cannot be improved in this manner
since an identity would naturally result. The true anomaly is
adjusted by improved values of a and e. The process of Eqs.
(44) would begin of course at the natural satellite measuring
point where the orbital parameters of the spacecraft orbit are
known.

The integrals on the right of Eqs. (44) are designated as
h,'(a,e,v,Q,J2,Jt,C*,Sn)\i-i*, j = 1,2,3

which denote the difference between hj evaluated with the
parameters first solved at point i by Eqs. (19) and (25) and hj
evaluated with the parameters of point i — 1. The hj are
listed in Ref . 6.

Nonplanetary Perturbations

The only significant nonplanetary contributions to r which
must be removed before the solution of Eq. (13) are the per-
turbations caused by Jupiter 's first five natural satellites —
the four Galileans JI through JIV and Amalthea (JV). Or-
bital data for all five satellites are given in Table 1 (see Ref. 4) .
Since the orbital arc under consideration here has a short
duration in the order of two hours, solar and other planetary
perturbations can be neglected. The orbiter's distance and
occultation from the sun during perijove crossing allows the
elimination of solar radiation pressure as a perturbational
cause. At a height of 7000 km from Jupiter's atmosphere of
scale height 8.3 km, atmospheric drag is certainly no problem.6
The irregular natural satellites JVI through JXII produce
negligible perturbational effects as their distances to the
spacecraft are very great while the spacecraft is in the mea-
suring arc.

For the perturbational effects on r caused by the five satel-
lites, the inclinations of the satellites can be ignored and the
satellites' orbits are considered equatorial. This is justified
by noting that the maximum inclination is 28.1 min of arc
for Europa and that the inclination only affects the zeno-
centric angle between the spacecraft and the satellite, this
angle being an argument of the Legendre polynomials de-
veloped below. The difference between this zenocentric
angle and its projection into the equatorial plane is insignifi-
cant. The eccentricities must be kept general, however, even
though they are quite small, because they vary the zenocen-
tric ranges of the satellites by significant amounts.

The satellites' orbital parameters, substituted into Eq. (7),
provide the corresponding zenocentric distances Tik (k =
I, . . . , V) to the natural satellites k at any time £;. The sub-
script i is now eliminated where it is understood that the de-
velopment below is for each radar point.

The satellites' perturbational function (R) is well known in
the n-body problem:

where G is the universal gravitational constant,4 Mk is the
mass of natural satellite k (k = 7, . . .,F), pk is the distance
between the spacecraft and satellite k, r is rt- or the zenocentric
distance of the spacecraft, and rk is r** or the zenocentric dis-
tance of satellite k at the ith observation point of the space-
craft. It is to be noted that generally there would not be a
radar measurement to the satellite at this point and hence
Pk is unknown but can be expressed as

rk
2 — 2rrk cosa)1/2

= rrk cosa
(46)

(47)

where a is the almost equatorial angle between r and rk. It
should be noted that the zenocentric distance r of the space-
craft during this arc of the orbit is always less than its value
(2.53 Rj) at true anomalies of ±7r/2, whereas all of the satel-
lites are at distances greater than or equal to the closest satel-
lite (Amalthea) at 2.54 Rj. Thus, during radar R and RR,

r<rk,k = I,...)V. Then, for any term Rk of Eq. (45), using
Eqs. (46) and (47):

- ) cosa (48)
Tk/ J

Equation (48) can be expressed as a series of Legendre poly-
nomials and convergence is guaranteed by the fact that r < rk.
The first power of the series cancels the last term of Eq. (48)
and there results

GMi,
(49)

Looking at Fig. 6, it is seen that a is very nearly

a = 8* + vk - (9 + v) (50)

where 0* is approximately tik + WA-.
Thus Rk can now be expressed in terms of the spacecraft's

orbital parameters:

P™[cos (6* + vk - (0 + v)} ] j (51)

Substituting Rk for F in the Lagrange equations of equa-
torial perturbations Eq. (2) and then placing these orbital
rates into the range rate model Eq. (12), much reduction
finally yields

. = GMk(l - e,v) Xnark(l + e cosy) m..
P«I [cos{e* + vk - (0

vk- (0+ i»}]] (52)

where rk is the radial velocity of the spacecraft due to the
perturbation of the fcth natural satellite of Jupiter, n is the
spacecraft mean orbital velocity, and

Hi(e,v) = (2 + e cosy — 2 cos2y — e cosV)/ (1 + e cosy)

Hi(v) = sin2y

Pml(x) = Associated Legendre polynomial, degree m, order 1.
r/rk will usually be less than |-, and the aforementioned in-
finite series will converge quickly and hence can be truncated
after a few terms. Then the total range rate rf for each point i
which must be subtracted from the measured range rate be-
fore substitution into equation Eq. (13) is

(53)

Conclusions

The formulation has been completely developed for deriv-
ing four harmonic coefficients of Jupiter's gravitational field
by means of planetary radar measurements from a spacecraft
having a highly eccentric orbit. The sequence of radar rang-
ing takes advantage of onboard instruments during the short
time interval that the spacecraft is within a few Jupiter radii
of the planet's surface. Planetary range, range rate, and as-
sociated time of observation are required at each point along
the orbit as well as one or more Amalthea radar measurements
to provide an initial orbital set of parameters for at least one
point. An alternative to the possibility of radar wave ab-
sorption in Jupiter's atmosphere would be the frequent radar
measurements to Amalthea during the orbit about perijove.
The undesirable feature of Amalthea measurements is the
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changing of spacecraft attitude to point the radar antenna.
These maneuvers might produce undesirable perturbations on
the spacecraft which would mask the gravitational effects.
Also Satellite range and range rate would have to be reduced
to an equivalent planetary range rate to apply the range rate
model. This reduction involves errors in the ephemerides of
the Jovian satellites.

The range rate model has been formulated in terms of the
short term periodic perturbations on the spacecraft orbit due
to Jupiter's gravitational potential. This model allows
solution of four of Jupiter's gravitational harmonics. It
should be remarked that the number of additional harmonics
that might be added to the theory for solution depends not
only on the value of the number of radar observations, but
also on the instrumental accuracy obtainable m measuring
range and range rate. It is meaningless to introduce addi-
tional higher degree gravitational harmonics into the range
rate model the effects of which (on the spacecraft orbit) are
less than the radar accuracy in measuring range rate. Rough
calculations at a true anomaly of 20° for the spacecraft orbits
considered here indicate that the J2 term contributes about
600 m/sec and /4 about 25 m/sec. Thus the J\ contribution
is quite close to the radar capability.

Judicial selection of the time intervals between successive
radar measurements is desirable. From refined calculations
near perijove and the radar accuracies mentioned earlier, it is
deduced that the radar range and range rate measurements
should all be performed within 17 sec at any measurement
point, a time duration in which the planetary range and range
rate vary by amounts detectable by the radar. Any successive
planetary measurement of less than seventeen seconds would
thus contribute no useful information; longer durations pro-
vide a greater difference between successive ranges which
permits better definition of the Lambert condition for solving
the orbital elements. Time intervals greater than one
minute, however, would introduce errors in estimating the
average semimajor axis between points.

A short-arc orbital determination scheme is developed
solving the osculating orbital parameters at each radar mea-
suring point. This is accomplished by first finding initial

orbital values at a point where Amalthea radar measure-
ments are obtained, and then progressing along the arc from
point to point utilizing two orbital conditions involving each
point.

If desired, an orbit refinement is possible after the first
solution of the gravitational harmonic coefficients by the in-
tegration of the orbital rates of change between points.

Finally, the perturbations on the spacecraft due to Jupi-
ter's first five natural satellites are formulated. To obtain
some idea of the magnitudes of these perturbations, values
were placed in Eq. (52) when the zenocentric longitudes of the
spacecraft and a natural satellite were equal; i.e., 6k +
Vk = 0 + v. It results that any natural satellite greater than
18.1 Jupiter radii perturbs the spacecraft's range rate by less
than one meter per second, a rate below the estimated radar
capability. Since the perturbation would be even less when
nonalignment exists between the spacecraft and satellite,
any satellite greater than 18.1 Jupiter radii can be eliminated
from consideration; from Table 1, JIV (Callisto) will thus
have no significant perturbations on the spacecraft.
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